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Abstract 
In this paper, the numerical simulation method is applied to investigate the nonlinear stochastic bifurcation systems. 
In order to obtain a better understanding of the relationship between the Lyapunov exponents and stochastic 
bifurcation, the Duffing system under stochastic external excitations is examined by way of the stochastic process 
simulation.The simulation results are compared with the results of some other analytical methods, such as the 
stochastic averaging method, the perturbation method and the Laplace asymptotic evaluation method. It is shown that 
these analytical methods are all valid if the intensity of the noise is small. And the numerical method can be applied 
to the case of arbitrary noise intensity. 
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1. Introduction 
Consider the deterministic dynamic system described by following equation 
 
0( , ), (0)
nx f x x x Rα= = ∈&                                                                                                         (1) 
where 1 2( , , )
T r
r Rα α α α= ∈L  is parameter vector, and f is a n-dimension nonlinear function, 
suppose α  is disturbed by noise, then the corresponding dynamical equation can be described by the 
stochastic differential equation  
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0( , ( )), (0)
nx f x t x x Rα σξ= + = ∈&                                                                                           (2) 
where ( )tξ  is r-dimension stochastic process. 
When the stochastic system (2) is at the condition of edge from one steady movement change into 
another steady movement, the small changes of the control parameters of the system can produce effect, 
so it is necessary to study the bifurcation problem of the nonlinear stochastic system first. In discussion of 
a deterministic system, we can use the changes of the topology for the phase track to describe the 
bifurcation phenomena. But the formulation of the topology for the phase track is no longer fit for the 
stochastic system. The stochastic response behavior of the process should be described by the probability 
density function. The structure changes of the corresponding steady-state probability density function can 
be used to describe the stochastic bifurcation phenomena [1,2,3].  
Let sx be a steady solution of (2), in order to discuss the stability of solution and the random bifurcate 
problem, we get the following stochastic differential equations 
 
0( ( ), ( )) , (0)
n
sv A x t t v v v Rξ= = ∈&                                                                                    (3) 
where Jacobi matrix 
 
( , ) i
j n n
fA x
x
ξ
×
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
                                                                                                                          (4) 
the exponential growth rate of the solution of (3) is determined by the following Lyapunov exponents in 
probability 1: 
 
0 0
1( ) lim ln ( , )
n
v v t v
t
λ
→∞
=                                                                                                                 (5) 
The theory of Lyapunov exponents is an important tools in dynamical systems, starting with the 
pioneer work of Liao [4] and Oseledec [5]. We refer to [6,7,8] for the general theory of the Lyapunov 
exponents and its recent developments. One of the key problems of the research of stochastic bifurcation 
is how to calculate the largest Lyapunov exponents for nonlinear stochastic systems. 
The calculation of the largest Lyapunov exponent was provided by Khasminskii [9] at first. When the 
disturbance is small, the approximation of the largest Lyapunov exponent can be obtained by stochastic 
averaging method [10] or the perturbation method [11] . We adopt the numerical simulation method to 
calculate the largest Lyapunov exponent of the nonlinear stochastic systems. 
2. Numerical calculation of the Lyapunov exponent of the stochastic system 
We still consider the stochastic dynamic system described by the equation (2). 
 
0( , ( )), (0)
nx f x t x x Rα σξ= + = ∈&                                                                                           (2) 
for convenience, we assume 1( )tξ , 2 ( )tξ ,… , ( )r tξ  are independent standard normal white noise 
process, and the corresponding linearized system is 
 
0, (0)
nv Av v v R= = ∈&                                                                                                                   (3) 
If 0σ = , then the system is deterministic. We will use the numerical simulation method to calculate 
the Lyapunov exponents, especially the largest Lyapunov exponent of the stochastic system. 
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We know, at the given moment 0t , random process ( )i tξ  equivalent as a random variable. We 
imagine in a "transient", 0( )i tξ  value for random numbers, then in that "transient", the response of the 
system (2) and its linearized system can be obtain by numerical simulation method. If the random process 
is ergodic, and the random numbers can be given much enough, then the Lyapunov exponents can be 
calculated by numerical simulation method.  
Consider nonhomogeneous filter Poisson process 
 
( )
1
( ) ( )
N t
n n
n
x t Y t tδ
=
= −∑                                                                                                                        (6) 
where N(t) is a Poisson process with arrival rate v, nY is an i.i.d. sequence of random variables, and the 
mean value 0nEY = , and independent to N(t). ( )nt tδ −  is Diracδfunction, so the mean value and 
covariance function of X(t) are respectively as 
 
( ) 0X tμ =                                                                                                                                            (7) 
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δ
δ
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= −                                                                                                 (8) 
if Poisson process is homogeneous, i.e. arrival rate v(t) is the constant, then 
 
2 1 1 2 1 2 1( , ) ( ) ( ) ( , )XX XXK t t I t t t R t tδ= − =                                                                                    (9) 
So X(t) is white noise. If v(t) is big enough, then the distribution of white noise process is normal. 
Therefore the continuous white noise process can be instead of the homogeneous Poisson pulse process. 
Let the state equation of the random dynamic system (2) be 
 
1 2
2 1 2( , , ; )
x x
x F x x t α
=⎧⎨ =⎩
&
&                                                                                                                      (10) 
the corresponding linearized system be  
 
1 2
2 1 2 2( , , ; )
v v
v A x x t vα
=⎧⎨ =⎩
&
&                                                                                                                    (11) 
where α  of (10) and (11) is the abbreviations of ( )tα σξ+ . So the calculation process of Lyapunov 
exponents is similar to the deterministic system. Just in the numerical simulation process, input a random 
number within the integrating process, i.e. in small enough time intervals input a random number with 
normal distribution, so as to 
 
i iα α σξ= +                                                                                                                                     (12) 
3. Calculation example 
To investigate whether the algorithm is valid, we will use the algorithm to calculate the Lyapunov 
exponents of the Duffing system under stochastic external excitations and the results are compared with 
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the results of some other analytical methods, such as the stochastic averaging method, the perturbation 
method and the Laplace asymptotic evaluation method. 
Consider the Duffing system described by following equation 
 
3 cos( )x cx x x F bt+ + + =&& &                                                                                                           (13) 
System (13) may occur symmetrical rupture bifurcation, period-doubling bifurcation and even chaos 
movement when external excitations change.  
Now let c=0.1, b=0.95, and amplitude F is disturbed by noise, then the corresponding dynamical 
equation can be described by following equation 
 
3 ( ( )) cos( )x cx x x F t btσξ+ + + = +&& &                                                                                         (14) 
where ξ(t) is unit normal white noise process. 
Fig. 1 and Fig. 2 are the curve of the largest Lyapunov exponent with the change of 2F . 
 
                 
Fig. 1 The largest Lyapunov exponent with σ=0                     Fig. 2 The largest Lyapunov exponent with σ=0.1  
Fig 3 and Fig 4 show that the Lyapunov exponent has cardinally identical trends in the circumstances 
of the less noise and no noise intensity. But it is different for the amplitude of the scope of different 
excitation effect. 
               
Fig. 3 The largest Lyapunov exponent with σ=0.1               Fig. 4 The largest Lyapunov exponent with σ=0.1 
Fig. 3 is the partial enlargement of the figure 4 when F2 changes in 1126～1128. It can be seen that the 
effect of noise is to move the bifurcation point from 1126.795 to 1126.25. And the stability and trend of 
the system before or after bifurcation is consistent with  no noise.  
But when F2 is in other variation area, noise not only can make drift bifurcation point occurs, the 
system can be made from stable to unstable, such as F2 changes in nearby 1136 (see Fig. 4). Or the system 
is made from unstable into stable, such as F2 changes in nearby 1139.65 F2 (see Fig. 5). 
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Fig. 5 The largest Lyapunov exponent with σ=0.1 
The similar conclusions can also be obtained if we study the incentive frequency of noise disturbance. 
4. Conclusion 
For stochastic system, we can not determine the precise value of the Lyapunov exponents. So the 
stochastic averaging method, the perturbation method and the Laplace asymptotic evaluation method can 
usually be used to get approximate value of the Lyapunov exponents. But these method are no longer 
valid if the intensity of the noise is not small. In this paper, the numerical method for computing the 
Lyapunov exponents of the nonlinear stochastic systems is presented by way of the stochastic process 
simulation. It is shown that the numerical method can be applied to the case of arbitrary noise intensity.  
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